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NOETHERIAN PI-ALGEBRAS ARE REPRESENTABLE
BE’ERI GREENFELD, LOUIS ROWEN, AND LANCE SMALL
Abstract. Anan’in constructed a triangular matrix representation of rings to prove
that every affine Noetherian PI-algebra over a field is representable. We put Anan’in’s
construction in the context of the approach of Lewin and Bergman-Dicks, and utilize
it to generalize Anan’in’s result and prove that every left and right Noetherian PI-ring
containing a field is representable.
1. Introduction
Throughout this paper, R denotes an associative unital algebra over a commutative
associative ring C (usually a field often denoted as F ) and with nilpotent Jacobson
radical denoted N of index t, i.e., such that N t = 0 with t minimal.
By finitely generated we mean as a C-algebra. A f.g. algebra R = F{r1, ..., rn}
over a field is called affine. A finitely generated module is called finite. “Ideal” means
two-sided, unless otherwise indicated. By “Noetherian” or “Artinian” ring we always
mean right Noetherian or Artinian, and when we require a ring to satisfy a property
both on left and right ideals, we explicitly indicate it.
Definition 1.1. R is representable, resp. representable over a field if R can be
embedded into the matrix algebra Mn(K) for some commutative ring K, resp. field K,
and suitable n.
The question of which rings are representable has attracted much attention along
the years. Every representable affine algebra satisfies a polynomial identity (PI) – the
Amitsur-Levitzki standard identity, but not vice versa. In general, representable aleg-
bras need not be Noetherian. The importance of representability is both conceptual,
providing a ‘reasoning’ of why a given algebra satisfies a polynomial identity, and prac-
tical, since representable algebras satisfy all identities of matrices, which, though not
fully understood, are more tangible than abstract polynomial identities. In particular,
representable algebras satisfy the same identities as their Zariski closures, which are
concrete objects studied and classified (over algebraically closed fields) in [6]. The rep-
resentability question is strongly connected to other important problems in PI-theory
such as Specht’s problem (see [5]).
Bergman [7] gave an example of a finite ring, not containing a field, which is not rep-
resentable; this leads us to assume that our rings are algebras over a field, in order to
obtain a positive representability result. A classical argument of Lewin [16] shows that
there exist uncountably many affine algebras satisfying all identities of M3(Q), which
are not representable; these algebras are not Noetherian, though. Later, Irving [14]
constructed interesting examples of non-representable algebras of linear growth, satis-
fying all identities of Mn(F ) as well as ACC on annihilators.
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Conversely, Anan’in [2] produced a triangular matrix construction in proving that
every affine Noetherian PI-algebra over an infinite field is representable (the proof is
by an intricate combinatorial argument on identities given in [1, Lemma 2.11]). This
construction had been anticipated by Lewin [16], and builds on the construction in a
previous paper of Lewin [17]. In this paper we utilize an inductive application of the
Bergman-Dicks construction (which generalizes [17]), which we unify with Anan’in’s
construction, to strengthen [21] and prove:
Theorem 1.2. The following kinds of PI-rings containing a field are representable:
(i) left (or right) Artinian;
(ii) left and right Noetherian;
(iii) left (or right) Noetherian ring R having a primary decomposition with respect
to prime ideals Pi, 1 ≤ i ≤ n, such that each R/Pi is finite over its center.
Thus the representability question reduces to the question of embedding a ring (con-
taining a field) into an Artinian PI-ring. In fact, the second assertion of the theorem
follows from the first assertion combined with Gordon’s result [13] that a left and right
Noetherian ring embeds into an Artinian ring of quotients. In particular, Theorem 1.2
answers [4, Question 5, p. 388] in the affirmative.
2. Anan’in-Bergman-Dicks Rings
In [3], Anan’in proves the following lemma (in a slightly modified formulation):
Lemma 2.1 ([3, Lemma 10]). Let R be a unital algebra over a field and suppose
I1, . . . , Id ⊳ R are such that I1 · · · Id = 0. Then there exists an algebra R˜ containing R
and generated by it together with a set of pairwise orthogonal idempotents e1, . . . , ed
such that:
(i) eiR˜ej = 0 for i > j;
(ii) eiR˜ei = eiRei for all 1 ≤ i ≤ d;
(iii) Ker(R→ eiRei) = Ii for all 1 ≤ i ≤ d.
Anan’in’s approach is inductive, and based on the following construction for d = 2.
Let X = Ker(R⊗F R
·
−→ R) be the kernel sub-bimodule of R⊗F R with respect to the
multiplication (in R) map. To make X an R/I1 − R/I2-bimodule one has to mod out
by
Y = (I1 ⊗F R) ∩X + (R⊗F I2) ∩X.
Then the ring R˜ is given by: (
R/I1 X/Y
0 R/I2
)
(1)
And R is mapped into R˜ by:
i : r 7→
(
r 1⊗ r − r ⊗ 1
0 r
)
where the diagonal entries are cosets mod I1, I2 respectively and the upper right corner
is a coset mod Y . To prove Lemma 2.1 Anan’in proves that Ker(i) = I1I2 = 0 and
applies (1) iteratively. Lewin [16] achieved this by means of derivations. Note that
in the case that I = I1 = I2, the map i described above carries R into strictly upper
triangular matrices.
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Anan’in’s construction can be considered in the framework of universal derivations,
produced by Bergman and Dicks in [8]. Given a ring R and two homomorphisms
σ : R→ S, τ : R→ T , they seek an optimal solution for the problem:
θ : R→
(
S ΩR(S, T )
0 T
)
where ΩR(S, T ) is an S − T -bimodule and the map is given by:
θ : r 7→
(
σ(r) δ(r)
0 τ(r)
)
It turns out that for this map to be a ring homomorphism it is necessary and sufficient
that δ is a (σ, τ)-derivation. Bergman and Dicks find the solution with minimal possible
kernel, and in fact, provide a concrete construction for the initial object in the category
of such solutions in [8, Theorem 1]:
ΩR(S, T ) = S ⊗R X ⊗R T
and:
δ : r 7→ 1⊗ (r ⊗ 1− 1⊗ r)⊗ 1.
Consider now the case that S = R/I1, T = R/I2, and σ, τ are the obvious quotient
maps. As mentioned in [8], I1I2 ⊆ Ker(θ) ⊆ I1 ∩ I2. Now, since Anan’in provided
a solution with Ker(i) = I1I2 and the Bergman-Dicks construction is optimal in the
sense that Ker(θ) is minimal, this hints that Ker(θ) = I1I2. This is indeed the case
when the base ring F is a field (which is the assumption in our case), as derived in [8,
Theorem 3] from the exact sequence into which ΩR(S, T ) fits:
TorF1 (S, T )→ Tor
R
1 (S, T )→ ΩR(S, T )→ Tor
F
0 (S, T )→ Tor
R
0 (S, T )→ 0
which makes:
Ker
(
TorR1 (R/I1, R/I2)→ ΩR(R/I1, R/I2)
)
= I1I2
(noticing that I1 ∩ I2/I1I2 ∼= Tor
R
1 (R/I1, R/I2)) precisely when:
TorF1 (R/I1, R/I2)→ Tor
R
1 (R/I1, R/I2)
is the zero map, which, as mentioned in [8], happens when F is a field. The assumption
that F is a field is used in the proof of Anan’in’s lemma through the assumption that
I1 can be complemented inside R as a direct sum of F -modules.
Therefore, in this setting, Anan’in’s construction is isomorphic to the Bergman-Dicks
construction. Namely, there is an R/I1 − R/I2-bimodule isomorphism:
X/Y =
X
(I1 ⊗F R) ∩X + (R⊗F I2) ∩X
η
−→ R/I1 ⊗R X ⊗R R/I2 = ΩR(R/I1, R/I2)
mapping the cosets:
η : [r ⊗ r′] ∈ X/Y 7→ [1⊗ (r ⊗ r′)⊗ 1] ∈ R/I1 ⊗R X ⊗R R/I2.
This isomorphism evidently commutes with the (σ, τ)-derivations mentioned above, and
so extends to an isomorphism of the resulting upper triangular algebras as R-algebras
with respect to the embeddings of R:
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(
R/I1 X/Y
0 R/I2
) (
R/I1 ΩR(R/I1, R/I2)
0 R/I2
)
R
η
i θ
.
Both Ananin’s construction and the Bergman-Dicks construction can be applied
analogously to the case of d ideals, recalling that if M is a module over

R/I1 M1,2 · · · M1,d
0 R/I2
. . .
...
...
. . .
. . . Md−1,d
0 · · · 0 R/Id


where Mi,j is an R/Ii −R/Ij-module, then M can be decomposed as:
M = e11M ⊕ · · · ⊕ eddM.
Our application of the two parallel constructions is when I1 = · · · = Id = N is the
prime radical of R, and d is its nilpotency index.
3. Gordon’s Theorem
An algebra is irreducible if the intersection of two non-zero ideals is non-zero. The
first reduction is to the Artinian case, made by Gordon [13].
Theorem 3.1. [13, Theorem 3.7] Let R be a Noetherian PI-ring. Then R embeds
into an Artinian PI-ring. More generally, every Noetherian FBN-ring embeds into an
Artinian PI-ring.
The proof consists of writing R as a subdirect product of primary FBN rings, which
are orders in Artinian rings. As stated in [13, p. 509] primary right FBN rings are not
necessarily orders in Artinian rings, so the proof does not generalize directly to the
one-sided case. Here is a PI-example from [10]:
{(
f(0) g(x)
0 f(x)
) ∣∣∣f, g ∈ F [x]}.
This is a right but not left Noetherian PI-algebra, which admits no Artinian ring
of quotients (yet, evidently is representable). Therefore one has to produce a novel
technique for embedding right Noetherian PI-algebras into Artinian PI-algebras (which
are not necessarily rings of quotients).
However, Gordon’s techniques are still applicable. We quote some assertions from [13].
An ideal P of R is an associated prime of a module M if there is a uniform sub-
module U of M such that P is the assassinator AssU = {x ∈ R : AnnU Rx 6= 0}.
The associated prime is indeed a prime ideal when R is right Noetherian, and M is
P -primary has the following characterization in [13, Proposition 1.2]:
(i) There is an essential submodule of M every nonzero submodule of which has
annihilator P.
(ii) The annihilator of P in M is essential and P contains every ideal that annihilates
a nonzero submodule of M .
NOETHERIAN PI-ALGEBRAS ARE REPRESENTABLE 5
We say that a right Noetherian ring R has a primary decomposition if RR has a
primary decomposition ∩ni=1Ji = 0 where the Ji are ideals.
By [13, Corollary 2.4], every right Noetherian PI-ring has a primary decomposition.
Theorem 3.2. Any right FBN Noetherian ring R has an embedding ϕ : R → R˜ into
a right Artinian ABD ring R˜, with all Ri integral domains, for which r ∈ R is regular
iff all of the diagonal entries of ϕ(r) are nonzero.
Proof. Pick f.g. uniform modules U1, . . . , Un such that
⊕
i Ui is faithful. Then we can
form the upper triangular ring on whose diagonal we have R/Ann(Ui), which are
primary rings, and on the (strictly upper) off-diagonal we have Ui ⊗Uj with an action
of R/Ann(Ui) on the left slot of the tensor, and R/Ann(Uj) on the right. 
By [13, Corollary 2.5], any right FBN Noetherian ring R has finitely many uniform
modules U1, . . . , Un whose direct sum is faithful.
4. Proof of Theorem 1.2
We are now ready to prove Theorem 1.2.
Proof of Theorem 1.2. Let R be a Noetherian PI-ring containing a field F . By Theo-
rem 3.1, we may assume moreover that R is Artinian. Thus it suffices to prove (iii).
Let N denote its Jacobson radical, which is nilpotent of some degree d, so Nd = 0.
By Anan’in’s lemma 2.1 applied to I1 = · · · = Id = N we have an embedding
φ : R→ R˜ where R˜ takes the form:

R/N ∗ · · · ∗
0 R/N
. . .
...
...
. . .
. . . ∗
0 · · · 0 R/N


Observe that φ maps an element r ∈ R to a matrix whose diagonal entries are an
equal coset of R/N , and
φ(N) ⊆
⊕
i<j
eiRej =


0 ∗ · · · ∗
0 0
. . .
...
...
. . .
. . . ∗
0 · · · 0 0


so the radical is mapped to the strictly upper triangular part of R˜. Let
C = {cI| c ∈ Cent(R/N)},
where I stands for the identity matrix (from now on, we naturally identify C with the
center of R/N).
Let R′ be the F -subalgebra of R˜ generated by φ(R) and C. Let N ′ ⊳ R′ be the ideal
of R′ generated by φ(N), and observe that N ′ is a finitely generated nilpotent ideal.
Consider the mapping
ψ : R/N → R′/N ′
given by:
ψ : r +N 7→ φ(r) +N ′,
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evidently a well-defined ring homomorphism. If r + N ∈ Kerψ then φ(r) is a strictly
upper triangular matrix, but this means that r ∈ N ; hence ψ is injective. To see it is
also surjective, note that ψ carries C to itself (from an element c ∈ R/N to the scalar
matrix whose diagonal entries are C). Thus R′/N ′ ∼= R/N as C-algebras.
By assumption, each R/Pi is finite over its center C. Since R is Artinian, N
i is a
finitely generated R-module so the following subquotients are finitely generated right
R/N -modules:
R/N,N/N2, . . . , Nd−2/Nd−1, Nd−1
Fix generators ξi,j ∈ N
i/N i+1:
N i/N i+1 =
ti∑
j=1
ξi,j(R/N)
(denoting N0 := R). Since R/N is a finitely generated C-module, we can write
R′/N ′ ∼= R/N =
l∑
k=1
rkC,
where rk ∈ R/N . Therefore:
(N ′)i/(N ′)i+1 ∼= N i/N i+1 =
ti∑
j=1
l∑
k=1
ξi,jrkC.
Pick lifts ξˆi,j ∈ N
i which map to ξi,j mod N
i+1, as well as lifts rˆk which map to rk
mod N . It follows that:
R′ =
l∑
k=1
rˆkC +
d−1∑
i=1
ti∑
j=1
l∑
k=1
ξˆi,j rˆkC
is finite over C. By [21, Theorem A], R′ is representable and therefore so is R. 
5. Concluding Remarks
The main remaining question is the representability of right Noetherian PI-rings
containing a field (see also [11, Question 3.15]):
Two-sided Noetherian PI Representable PI
Right Noetherian PI
1.2
?
We remark that [21, Theorem C] had shown that any right Noetherian PI-algebra
which is finitely generated (as an algebra) over its center is representable. Gordon’s
result [13], which plays a crucial role in transferring the representability problem to
the class of Artinian rings, requires R being two-sided Noetherian.
By [9], a Noetherian PI-ring which is integral over its center embeds into an Artinian
PI-ring, and hence by Theorem 1.2 if it contains a field then it is representable. Addi-
tional interesting and useful results on embeddings of Noetherian rings into Artinian
rings can be found in [15, 22, 23].
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